WALSH FUNCTIONS AND HADAMARD MATRICES

RODOLFO TOLEDO

ABSTRACT. The aim of this work is to summarize the basic properties of the
three main systems consisting of Walsh functions in the theory of Fourier anal-
ysis. These systems are the Walsh-Paley system, the original Walsh system and
the Walsh-Kaczmarz system. We study the relations between them focused
on the construction on Hadamard matrices. Finally, we give some formulae
which make it possible the fast calculation of Dirichlet and Fejér kernels based
on these systems.

1. SYSTEMS CONSISTING OF WALSH FUNCTIONS

In the classical Fourier theory the so-called trigonometric system is used for
approximation. Instead of trigonometric functions, the dyadic harmonic analysis
uses functions which take only values 1 and -1 on the interval [0, 1[. For instance,
consider the function

_ )b welog]
r(z):= )

-1 xe[%, [

and extend it to the real numbers R by periodicity 1. The extended function r
allows us to introduce the concept of Rademacher system given by the functions

re(x) = r(2%z) (ke N, z€]0,1]),

where N is the set of non-negative integers.

FiGUuRE 1. The Rademacher function r3
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Rademacher functions take alternatively the values 1 and -1, moreover ry is
constant on the dyadic intervals
) i—1 . &
e (i) o= |:2k+1’2k+1|: (i=1,...,2"")
and
() = sgn(sin(28 1)) (x €[0,1])
with the exception of dyadic numbers of the form Qk%, where 0 < i < 2FF1,

The fact that the Rademacher function 7, takes exactly 2* times the value 1 and
2% times the values -1 on intervals with the same measure implies that

/Olrk(x)dx =0

and for the same reason, the integral of 7 is also zero on the sets I;41(¢) where
I <kand1l<i<?2H Thus,
2l+1

/0 ri(z)r(x) de = Z ri(z)r(x) de

i=1 Y D141 (9)

2! tt 1
i—
= | —=— / ri(z)de = 0.
; ( 21+ > 11 ()

Since 7 = 1 for all k € N, the Rademacher system is orthonormal on L?([0, 1]).

However, we can prove similarly the fact that the integral on [0, 1] of the product
of arbitrary finite many Rademacher functions is also zero, from which it follows
that the Rademacher system is not complete on L?([0, 1[). Indeed, the function ror;
is orthogonal to any Rademacher function. We call Walsh function the product
of finite many Rademacher functions, but it was not the original definition. A
system consisting of all Walsh functions is an orthonormal and complete system on
L2(0,1)).

The original Walsh system was introduced by Walsh [7] in 1923. His defini-
tion was recursive and probably he did not known the Rademacher system intro-
duced a year before. In order to write the original Walsh system as the product of
Rademacher functions we introduce the following notation.

Every n € N can be uniquely expressed as

o0
n= E ni2k,

k=0
where ny = 0 or ny = 1 for all & € N. This allows us to say that the se-
quence (ng,ny,...) is the dyadic expansion of n. Similarly the dyadic expansion
(xg,1,...) of a real number z € [0,1] is given by the sum
r= Z ok+17
k=0

where x; = 0 or x; = 1 for all £k € N. This expansion is not unique if z is a dyadic
rational. When this situation occurs we choose the expansion terminates in zeros.
That is, the expansion with an index [ such that z; = 0 for all k¥ > [. By the dyadic
expansion Rademacher functions can be expressed as follows

re(z) = (=%  (z€[0,1], k€ N).
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The original Walsh system ¢ can be written by Rademacher functions as follows
pn(x) = [T ri " (2) (z €10,1],n € N)
k=0
Paley [3] was first to recognize that Walsh functions are products of Rademacher
functions. In 1932 he introduced the system w called Walsh-Paley system by

wp(z) = H r* () (x €10,1[,n € N).
k=0

In order to find a connection between the arrangement of the original Walsh system
an the Walsh-Paley system we define the dyadic sum of a pair of non-negative
integers n and m by

o0
n®m= Z |ng — m;{|2k7
k=0
where (ng,n1,...) and (mg, mq,...) are de dyadic expansion of the integers n and m

n

respectively. Since the integer quotient [%] has the dyadic expansion (n1,na,...),
we obtain immediately from the definition of the systems ¢ and w the relation

(1) ¢n(x) = Wne| ](a:) (x €0,1[,n € N).

a

Conversely, denote by @y, [2%] the dyadic sum of all of the integer quotients

[2%], where k = 0,1,.... Thus, the dyadic expansion of @ZOZO [2%] is
(np+ni+ne+....,n1+na+ns+...,na+ng+ng+...,...),

from which we obtain the relation
(2) wn(‘T) = (b@gozoblk](m) (3j € [Oa 1[7 ne N)

The original Walsh system satisfies the requirements for ¥« systems defined by
G4t [1] in 1991. It means the fact that the original Walsh system can be written as
¢n = wpay,, where the functions «, are composed of the product of functions ai
(k,j € N) defined on the interval [0, 1] with the following properties:

o for every k € N the functions ozi are constant on the dyadic intervals I ()
(i=1,2,...,2%) for all j € N.

e |of|=1and of = = al(0) =1 for all k,j € N.

e by the notation n(¥) = $°°°, 7,;2% define the functions a;, as the product

an(z) = [[ o™ (@) (ze€0,1].
k=0

Indeed, let ai = rik_ , for all positive integer k£ and for all j € N with dyadic

expansion (jo, j1,...). Thus, the functions ai: have the properties above and
(oo}
an(z) = H et (z) (x €[0,1])
k=0

from which we obtain the relation ¢,, = w,a,, for all n € N.
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The third system studied in this paper is the so-called Walsh-Kaczmarz system
k introduced by Sneider [6] in 1948.

A-1
ko(x) :=1, ku(x) :=1a(2) et () (ne N,z € [0,1]).
k=0

where 24 < n < 24%!. For any k € N define the map 7,: N — N by the formula

k—1 ) oo .
Tr(n) := Z Np—i—12" + Z n;2°.

i=0 i=k
Note that 73, reverses the first k£ bites of the dyadic expansion of every non-negative
integer, i.e. the dyadic expansion of 7% (n) is

(nk717nk713 ... 7nl7nO7nk7nk+1) LI ))

from which we have ko(x) = wo(x) and
(3) Hn(x) = Wr(n) (CL‘), Wn(x) = “Tk(n)(x) (CU € [Oa 1[)

for all positive integer n such that ok < p < 2k+1
Similarly we can also define 7; as a bit-reversing transformation on the dyadic
expansion of any z € [0, 1], that is 75 [0, 1[— [0, 1],

k—1 oo
Th—i—1 T
Tr(x) = E 9T + E 5T (ke N).
=0 i=k

In this case 7% is a measure-preserving transformation such that 7 (7% (z)) = z for
all k € N and z € [0, 1[. Moreover,

(4) H2k+m(x) = Tk(x)w‘rk(m) (93) = Tk(m)wm(Tk(z)) (1‘ € [07 1[)

where 0 < m < 2F.

2. HADAMARD MATRICES

Hadamard matrices are square matrices with orthogonal rows whose entries are
either 1 or -1. Due to the fact that systems ¢, w and x consist of orthogonal
functions with values 1 and —1 which are piecewise-constant on the dyadic intervals
I:(j) (j = 1,2,...,2%) for all indexes n < 2%, matrices OF), W*) and K*) with
entries

(k) . -1 (k) _ J—1 * j—1
Oi,j = ¢i—1 ( ok >7 Wi,j = Wi—1 (2k>’ jci,j = Ri—1 < ok

(i, = 1,2,...,2F) are Hadamard matrices of type 2¥ x 2* for all & € N. Thus,
we call matrices O, W and X Hadamard-Walsh, Hadamard-Paley and Hadamard-
Kaczmarz matrices respectively.

For a fixed k € N matrices %), W*) and K*) have the same rows in different
order. Relations (1), (2) and (3) give us the way to rearrange Hadamard matri-
ces into each others. Another way to construct Hadamard matrices is based on
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iteration. In order to simplify the notations define the Kronecker product of the
matrices A and B by

a171B a172B e al,mB
a27lB GQQB e ag’mB
A® B := . .
an1B apn2B ... ammB
where a; ; (i =1,2,...,nand j =1,2,...,m) are the entries of the matrix A.

First, we deal with Hadamard-Paley matrices. By the definition of the Walsh-
Paley system it is not difficult to prove that

W = TkWy_ok (2% < n < 28T

from which we have

(k)
Wwk+1) — (\27/\(71@) ®®(§1 _12)> (ke N).

In other words, the first half of W*+1) is obtained duplicating all elements of W®*)
and the second half is similar, but we have to change the sign of every second
elements. We can see this fact in the following example.

1 1 1 1
1 1 -1 -1
(2) —

W= 1 -1 1 -1

1 -1 -1 1
1 1 1 1 1 1 1 1
1 1 1 1 -1 -1 -1 -1
11 -1 -1 1 1 -1 -1
11 -1 -1 -1 -1 1 1

(3) —

W 1 -1 1 -1 1 -1 1 -1
1 -1 1 -1 -1 1 -1 1
1 -1 -1 1 1 -1 -1 1
1 -1 -1 1 -1 1 1 -1

In case of the original Walsh system, the first half of O**1) is also obtained
duplicating all of elements of O*). By the definition of ¢ we can prove that

¢n = Tka_1¢n_2k (2k <n< 2k+1).

The values of the piecewise-constant function ri7i—1 on the dyadic intervals Iy 11 (j)
(j =1,2,...,2F1) form a consecutive sequence of numbers 1, —1, —1,1 repeated
2k=1 times. For this reason the second half of O**1) is also similar to the first half,
but here we have to change the signs of the elements according with the sequence
mentioned before, so in every segment of four element the sign of the second and
third elements must be changed. We can see this fact in the following example.

1 1 1
1 -1 -1
-1 -1 1
-1 1 -1

0 —

el e )
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1 1 1 1 1 1
1 1 -1 -1 -1 -1
-1 -1 -1 -1 1 1
-1 -1 1 1 -1 -1
-1 -1 1 1 -1 -1 1
-1 -1 1 -1 1 1 -1
-1 1 -1 -1 1 =1 1
1 -1 1 -1 1 -1 1 =1
However, the situation is quite different for Hadamard-Kaczmarz matrices, be-
cause we can not write an adequate relation for x,, and k,,_or. However, by (4) we
have

(5) Kn = TkWr, (n—2k) (2k <n< 2k+1).

el
[ =

The relation above gives us the opportunity to obtain the second half of the matrix
K+ from the Kronecker product of the bit-reversal rearrangement of the matrix
W) and the matrix (1 — 1), but this method, at first glance, it does not seem
appropriate because it needs several calculations. The introduction of Hadamard
matrices H solves this problem. These matrices are defined recursively as

50 = (1), H .= <1 1 > L g 2 gD g g

1 -1
for every positive integer k. Moreover, for any i = 0,1,...,2* — 1 denote by hgk)
the piecewise-constant function on the dyadic intervals I3(j) (j = 1,2, ...,2") such
that

k), J k
hz(' )(27) = g{z(Jr)l,j'

By the Kronecker product the matrix

(k=1)  q(k=1)
(k) _ (I
H - (g_c(k—l) _j_c(k—l))

is partitioned into four blocks. Fix a 0 < i < 2* and z € [0, 1] with expansion
(i0,11,...) and (zg, x1,...) respectively. The binary coeflicients ix_; and xo deter-

mine the block in which the value of hl(k) (z) appears. In particular

k i1 7, (k=1 Zo i k—1 Zo
hz(' )(33) = -1 Ohg—ik7)12k71(m - 7) =7y l(x)h§_¢k312k71<x - 5),
from which we obtain by iteration the formula
k - . i
6) A @) =g @ @) (@) = (@) (@ [0,1).
Hence we can rewrite (5) as follows
(7) Ky = rkhff_)Qk (2’“ <n< 2’““)
to obtain ® ( )
k1) _ ( Kol 1
X <J{(k)®(1 ) (k € N).
We can see this fact in the following example.
1 1 1 1 1 1 1 1
@ (1 1 -1 4 @ (1 -1 1 4
K= 1 -1 1 -1 = 1 1 -1 -1
1 -1 -1 1 1 -1 -1 1
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1 1 1 1 1 1 1
1 1 1 -1 -1 -1 -1
1 -1 -1 1 1 -1 -1
1 -1 -1 -1 -1 1 1
-1 1 -1 1 -1 1 -1
-1 -1 1 1 -1 -1 1
-1 1 -1 -1 1 -1 1
1 -1 -1 1 -1 1 1 -1

The Kronecker product is implemented in most Computer Algebra Systems
which allows the a fast calculation of Hadamard matrices H. For this reason,
it is especially interesting how to obtain Hadamard matrices W), O%) and K*)
as the row rearrangement of Hadamard matrices H*).

By (6) and the property 75 (7(2)) = % we have

= = e

(8) wi=hY (i=0,1,...,25 = 1),
Thus, we obtain Hadamard-Paley matrices from the relation
(k) _ q0(k) S k
wW; _J-(Tk(iil)ﬂ (i=1,...,2%).

By (1) and (6) we have
(k)

. = . i = . ) — . k — .
(9) ¢1 wz@[é] h‘rk(l@[%]) (Z 0517 52 1)
Thus, we obtain Hadamard-Walsh matrices from the relation

O = g¢® (i=1,...,2%).

m((G—1@[F])+1
By (3) and (6) we have

_ p(k)
= hetrati)
where A is the range of the positive integer i, i.e. A := max{k € N: i = 1}. Since
A <k, it is not difficult to see that the number 74(74(¢)) has the dyadic expansion

(10) ko=h?,  ki=wn (i=1,...,2" 1),

(0,0,...,0,1,i0,71,...,i4-1),
—_— —, -
k—A-1 A

hence 71,(74(7)) = (2(i — 24) + 1)2¥=4~1. Thus, we obtain Hadamard-Kaczmarz
matrices from the relation

K — g B g0

i+1 (2(i—24)+1)2k—A—1 (Z =1,..., 2b — 1)'

3. DIRICHLET KERNELS

Dirichlet kernels are the finite sums of system functions. In particular denote

(11) DY@ =Y i) (e 01l neN),

where v represents one of the system ¢, w or k. Obviously, in most cases the kernels
D¢, D¢ and D¥ are different functions, but they are equal if n = 2% (k € N), since
for ¢, w or k system functions with index less than 2¥ are the same, but with
different enumeration (see Section 1). Denote this common Dirichlet kernel by
Dyi. The values of these kernels are very simple (see [4]).
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Lemma 1 (Paley’s lemma).

Do — 2k e Ik(l)
70 zelo,1\(1)

FIGURE 2. The Dirichlet kernel Dg

Paley’s lemma can be proved by iteration as follows. For any positive integer k
we have

2k 1 2k—1_1 2k—1_1
DQk — D2k—1 = Z Ww; = Z Wok—14, = Z TE—1W; = kalDQk—l.
j=2k—1 i=0 i=0
Thus,
(12) Doi(z) = (1 + 15_1(2))Dors (z)  (x € [0,1]).

By the dyadic expansion (zg,z1,...) of

e if x5 =0 then r,_1(z) =1, so Dyx(x) = 2Dgr-1(x),

e if 2,1 =1 then ry_1(z) = —1, so Dqyr(z) = 0.
Since Dyo = wg = 1, Dax(x) is not zero if and only if xg = 21 = -+ = 241 =0
and then Dy (x) = 2* from which the statement of Paley’s lemma holds.

Paley’s lemma allows us to obtain a fast iteration for Dirichlet kernels in case of
systems w and ¢. Let n = 2% + m where 0 < m < 2*. Thus,

2k_1 n—1 m—1 m—1
DY = Zwi—’—zwi:DQk—f—ZWQkJ'_j:DQk—’_ZTij
1=0 i=2k j=0 =0
from which we have
(13) Dy = Dox + 11, D,
Similarly we can prove
(14) D? = Do + 111 D?,.

It is not possible to obtain a similar iteration formula for the Walsh-Kaczmarz
system. Notwithstanding, the relation (7) allows us to find another way

=

m—1 m—

(15) D =Dy + Y kgry; = Do +15 Y Y.
j=0 =0
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In other words, we obtain a fast calculation from Dirichlet kernels D* from the
sums of the rows of Hadamard matrix H*) instead K*+1) which has four times
more entries.

We remark that equations (13), (14) and (15) are also valid for m = 2.

It is possible to obtain Dirichlet kernels based on different systems from each
other. In Section 1 we show that ¢ is a ¥ a system where the functions o, are given
by

an(z) = [[ i (x)  (z€0,1).
k=0

In [2] G4t gave the connexion between Dirichlet kernels concerning 1« systems and
the Walsh system (or a Vilenkin system in a more generalized form). Through this
connexion

(16) Dj(z) = an(2)Dy(z)  (x €10,1])

holds. Figure 3 shows the Dirichlet kernels D%, and D% plotted in the same
graphic to illustrate (16). We shift down a little bit the graph of Dg’7 to avoid the
superposition of the lines.

FI1GURE 3. Dirichlet kernels with index 27 for the Walsh-Paley
(red) and the original Walsh (blue) system

The approach for Dirichlet kernels of the Walsh-Kaczmarz system is based on
the transformation 7 (x) where x € [0,1[. By (6) and (15) we have

Dy (x) = Do () + r4() Z_: wj(mi(z)) (€0, 1))

Jj=

Since the functions Dok (x) and ri(z) do not depend on the permutation of the
first k coefficient of the dyadic expansion of z, we obtain Dgx(2) = Dok (7 (x)) and
ri(x) = rp(mx(z)), hence

(17) Dy(x) = Dy(m(x)) (2 €[0,1]).

Figure 4 shows the Dirichlet kernels D%, and D}, plotted in the same graphic to
illustrate (17). We shift down a little bit the graph of D}, to avoid the superposition
of the lines.
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FIGURE 4. Dirichlet kernels with index 44 for the Walsh-Paley
(red) and the Walsh-Kaczmarz (blue) system

Finally, we deal with the Lebesgue constants of the systems above, i.e. the
L'-norm of Dirichlet kernels. In this regard denote

LY ::/0 |DY(x)|dx  (n€N).

where 1 represents one of the system ¢, w or k. By (16) we obtain

1 1 1
I = / D) i = / o (2) D2 ()| dr = / D (2)] de = L,
0 0 0

since |ay(z)| =1 for all n € N and « € [0,1[. On the other hand, by (17) and from
the fact that the transformation 7 is measure-preserving we obtain

1 1 1
Li = [ Dia)lde= [ Dgia)lde = [ D5 do = L2,
0 0 0

for all n € N and z € [0, 1], where k is given by the relation 2F < n < 2~k+1,

In summary, Lebesgue constants of the systems with which we deal in this work
are the same. For his reason, we use the same notation L, for any of three cases.
Moreover, L,, can be obtained recursively (see [4]) as follows

m
L2k+m:1+Lm_27k

for all k € N and 2F < m < 2k+1,

T T
0 500 1000 1500 2000

FI1GURE 5. The Lebesgue constants
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4. FEJER KERNELS

Fejér kernels are the average of Dirichlet kernels. In particular define
1 n
K¥(z):==Y DY €01, neP,KJ :=0
n(‘T) nzzzl n(.%‘) ('73 [’ [777‘ s 20 )7

where 1 represents one of the system ¢, w or k and P the set of all positive integers.
Fejér kernels can be also obtained directly from the system functions as follows
n—1 .
i
KY(x) = Z; <1 - n) Yi(z)  (x€[0,1], n € P).
First we focus our attention on the study of Fejér kernels with indices which are
the powers of 2. By (13) for the Walsh-Paley system (see [4]) we have

2k 27671 2k71
k k—1 2 E E
2 K‘Q'Uk — 2 (2‘))671 = DE:) = D;’k71+i = (Dzk—l + Tk_lDfL:d)
imok—141 i=1 i=1
2k—1
= 2k71D2k—1 +7re_1 E D;’J = 2k71D2k—1 + 7"k712k71K§Jk,1.
=1

Thus,
(18)  2°K5(2) = 2 Dyrr (@) + (L4 1 (2))2° ' KSia (2) (2 € [0, 1))
By the dyadic expansion (zg,z1,...) of

e suppose zj—1 = 0. Then ry_1(z) = 1, so 2"Kg (x) = 2" "1 Dgrn (7)) +

2’“K§’k,1(x). Hence, by Paley’s lemma, if there exists an index j < k — 1
such that x; = 1 then

or(2) = Kgia (2),

but if xg = 21 = -+ = x_2 = 0 then by (4) and the fact that D¥(0) =+
for all i € N, we obtain

2lc

k
5 () = 21,2;@— z
e suppose x_1 = 1. Then ry_i(z) = —1, so 2"K% (z) = 2" "' Dy ().
Hence, by Paley’s lemma, if there exists another index 7 < k — 1 such that
x; = 1 then
sr(2) =0,
but if zg =21 =--- = 2_o = 0 then

;Jk (I’) = 2k72.
Thus, by iteration it is not difficult to see that K& (x) is not zero if and only if
xo=x1=---=x_1 =0, 1l.e. x € Ix(1), or there is only one index j < k such that
z;=1,iex € [;;(2*7~! 4+ 1). In particular
24l gy e (1)
(19) “(x) =422 pe (¥ +1), j=0,1,....k—1

0 otherwise.
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0o .
FIGURE 6. The Fejér kernel K%,

By (14) for the original Walsh system we have

2k 2k71 2]&:71
PG FKG L = Y D= Y D= X (D D)
i=2k—141 i=1 i=1
ok—1
= 2k71D2k*1 + Tk—1Tk—2 Z Df = 2k71D2k—1 + Tk_lrk_22k71K§k,l.
i=1
Thus,
(20)

2P K9, () = 25" Dy () + (L + 11 (2)rp—2(2)) 28T KS,  (2) (2 € [0,1)).
By the dyadic expansion (xg,z1,...) of
e suppose xp_1 = 0.
— if xp_9 =1 then ri_1(z)rg_2(z) = —1 and Dar—1(z) = 0, hence
(21) K3, (z) = 0.

— if 2 = 0 then rg_q(x)rg—2(x) = 1, so Qkak () = 251 Do 1 () +
Zngk,l(x). Hence, by Paley’s lemma, if there exists an index j <
k — 2 such that z; = 1 we have K;’k (x) = ka,l(z). By iteration, if
j:=max{i < k—2:2; =1} then

KS () = KS () = = K, (z) = 0,
since K;’Hz (x) satisfies the conditions of (21). On the other hand,
similarly to the Walsh-Paley system, if xg = 21 = -+ = xx_3 = 0 then
2k +1
KJ (z) = 7

e suppose Tp_1 = 1.
— if 29 =1 then ry_q1(2)rg—2(xz) = 1 and Doyr-1(x) = 0, hence
KJ () = K., (z).

— if 52 = 0 then ri_1(z)rg_2(z) = —1, so Qkak () = 28" Doi—1 (z).
Hence, by Paley’s lemma, if there exists an index j < k — 2 such that
x; = 1 then

KJ(z) =0,

but if xg =21 = --- = x_3 = 0 then

K3 () =282
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Thus, by iteration it is not difficult to see that K;’k (x) is not zero if and only if

o =21 = - =1 = 0, l.e & € Ix(1), or there is an index j < k such that
To=T1 =+ =Tj_q = 0 and Tj =Tjp1 =+ = Tp—1 = 1’ ile. z € Ik,(2k_J). In
particular

2;74_1 .Z‘Elk(l)
(22) Kf(z) =2k zel(20), j=1,2,....k

0 otherwise.

{1 |

F1GURE 7. The Fejér kernel Kgg

Finally, by (15) for the Walsh-Kaczmarz system (see [5]) we have

2] 2j 1
(23) YK (2) -2 'Kp(a)= Y. Difa ZDQJ e
i=20-141
2i—1

(24) = Z Daj1(z) + rj—1(x) Dy (75-1(x)))

21—t
(25) = 2j_1D2j 1 + ri— 1 Z Dw T] 1
(26) = Qj_lDQj—l(.T) + 27— 17“]‘,1(1')]{21-71(’7']‘,1(1‘))

for all z € [0,1[. Moreover, 2°K%, = 1. Thus, by the sum of the equations above
for 7 from 0 to £ — 1 we obtain

k—1

(27) o (z) = 2—1,€+Z2j‘kD2j(:c> 2 (2)KS (r5(x))  (z € [0,1]).
j=0

Equation (27) means that the construction of Fejér kernels with index 2% for the
Walsh-Kaczmarz system differs from that used for the Walsh-Paley and the original
Walsh systems. In the last two cases, we obtain Fejér kernels with index 2% directly
from functions which take frequently the value zero, that is from (19) and (22). For
the Walsh-Kaczmarz system we have to sum functions with this property. Indeed,
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if z € I;(2° + 1) then 7j(x) € [;(277*~1 + 1), hence by (19) we have
ZH rel;(l)
(28) K3 (rj(z) =<2t zel;(2041),i=0,1,...,5—1
0 otherwise,
for all j € N. Thus,
32741 x € Ij+1 ].)

(

5 S I]+1(2>
(
(

Dy (x) +rj(x) K55 (m5(x)) = ¢ 2071 2z e 11 (2F +1), i=0,1,...,5—1
-2t e[ 1(271 +2), i=0,1,...,5—1

0 otherwise.

FIGURE 8. Daa(x) + ra(x) K5 (Ta(2))

We discuss now Fejér kernels with general n = 2* 4+ m indexes. We start by the
decomposition

k n m
KU =S Df+ 3" DF —2KL 3 Db,
i=1 i=2k 41 i=1
where 9 is one of the system ¢, w or k. Thus by (13) we have
(29) nK¢ = 2" K% +mDgk + rymK,
and by (14) we have
(30) nK¢ = 2’“K§k + mDok 4 rprp_1mK?

which give us a useful recursive formulae to obtain Fejér kernels based on the
Walsh-Paley and the original Walsh system.
On the other hand, by (15) we have
m—1
(31) nKy = 28K +mDor 1 Y (m—i)h{
i=0
which gives us a useful formula in to obtain Fejér kernels based on the Walsh-
Kaczmarz system from Hadamard matrices.
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We remark the formulae (29), (30) and (30) are also valid for m = 2*. Comparing

the formula (30) for m = 2* with (23) for j = k + 1 we have

2k _1
S @ - )P (@) = 2" K5 (r(2))  (keN, z€[0,1]).
=0
Since
2k_1 2k _1 2k_1 2k_1
ST i =28 N a - ST i = 2Dy - S il
=0 1=0 =0 =0
we have by (28) the formula
2k _1
3" i (@) = 25 Dyi(2) — 2V K5 (1 (2))
=0

22k=1 _ok=1 2 ¢ I} (1)
= { —2k+i—1 r€l(28+1),i=0,1,....k—1

0 otherwise.

which gives us an interesting formula with respect to Hadamard matrices H*).
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